INTRODUCTION
In this paper we will study constrained equations of the form f z z s H z , 1 . 1
where f is a smooth C real function on ‫ޒ‬ and H is a smooth vector field on ‫ޒ‬ m . Here all functions, fields, manifolds, maps, etc., will be C ϱ . w x Ž . In 1 , Rabier posed the problem of studying equations of the form 1.1 , because they can be useful to understand explicit systems of differential equations. In the same paper he described qualitative properties of the Ž . solutions of 1.1 , in a neighborhood of certain points contained in the zero Ž Ž. Ž. Ž. . set of f those satisfying f z s 0 and df z H z / 0 .
Ž . w x In this context, our results extend those given in 1 in the sense that Ž . they contain generic cases of equations of the form 1.1 , giving normal forms for their germs around a zero of f.
Other kind of constrained equations are those of the form and some properties on the potential U. He defines in an adequate way discontinuous solutions and gives a general existence theorem; he also gives local normal forms for some low-dimensional cases. Nevertheless, these results cannot be applied to our problem because w x y1 Ž . Ž n . one of the basic hypotheses in 3 is that F 0 l K = ‫ޒ‬ is compact if K is a compact subset of ‫ޒ‬ m . In our case this is satisfied, locally, just in Ž Ž .
. Ž Ž . Ž . . trivial cases f z / 0 or on not generic ones f z s 0 and H z s 0 .
The present paper is organized in the following form. In Section 2 we give some examples and definitions. In particular we give criteria about Ž . when two equations of the form 1.1 are equivalent; for this purpose we follow two approaches, the first takes into account the solutions, and the second just considers their images and the zero set of f.
In Section 3 we state our main results, which are applied generically, m Ž . taking the product fine C topology for pairs f, H defined on a mmanifold.
Theorems 2 and 3 give, for each equivalence relation, normal forms for Ž . the germs, at the zero set of f, of pairs f, H . In Proposition 1 we describe the invariant geometric properties of them.
Finally, in Section 4 we give the proofs, using Lemma 4 which is an Ž . analytic characterization of germs of pairs f, H that are equivalent to each normal form.
I thank Santiago Lopez de Medrano and Jesus Lopez Estrada for theiŕć omments and fruitful discussions and the ''Laboratorio de visualizacioń matematica'' for obtaining graphical representations of the dynamics of some equations. It is also a generic property that in a neighborhood of an impasse point Ž . f is a submersion; so locally, the set of impasse points is a m y 1 -submanifold of ‫ޒ‬ m . It follows from these observations that, generically, in a neighborhood of an impasse point, the family of phase curves together with the impasse set In both cases the closure of the phase curve that passes through 0 is tangent to the impasse set and the others do not touch it or are transversal Ž . to it. See Fig. 1 .
DEFINITIONS AND EXAMPLES
The impasse sets and the phase curves of two equivalent constrained equations.
In these examples, the impasse set and the phase curves of each equation coincide, nevertheless their dynamics are different: in the first case the solutions move away from the impasse set and in the second they Ž . get closer to it Fig. 2 .
Here the closure of each phase curve is an horizontal line, the one that passes through 0 has a 3rd order-contact with the impasse set, S, while the Ž 1 others have 2nd order-contact if they pass through a certain curve, S , . contained in the impasse set ; almost every line is transversal to the Ž . impasse set Fig. 3 .
We will give two equivalence relations for germs of equations of the Ž . form 1.1 . The first takes into account the trajectories of the equations, while the second considers their phase curves. Ž . D EFINITION 3. We will say that the two triples f, H, z and f, H, ẑŵ
where ⌿# H is the vector field of ‫ޒ‬ m induced from H by the differential of ⌿.ˆŽ . Ž . D EFINITION 4. We will say that f, H, z and f, H, z are phase-equi¨-ŵ
Ž m . where ⌿ : ‫ޒ‬ , z ª ‫ޒ‬ , z is a diffeomorphism and and ␣ are twô real smooth functions on ‫ޒ‬ m that do not vanish at z. Ž . Remark. With generic hypothesis H / 0 at the impasse points , path-Ž . equivalence means that, in a neighborhood of z , t ª z t is a solution of 0ˆŽ .
Ž . Ž Ž .. Ž .
Ž . f z z s H z if and only if t ª ⌿ z t is a solution of f z z s H żŽ
Ž . notice that in the complement of the impasse set, Eq. 2.1 can be writtenˆŽ . Ž .. as ⌿# Hrf s Hrf , while if 0 is a regular value of f and f, phaseequivalence means that, locally, ⌿ sends the integral curves of H to thêî ntegral curves of H and the zero set of f to the zero set of f. EXAMPLE 4. The two equations mentioned on Example 1 are phaseequivalent, and in spite of the fact that ⌿ does not satisfy Definition 3, y1 r3 y2r3 2 Ž Ž . Ž they are also path-equivalent. Take ⌿ x, y s 2 x, y2 x q 1r3 . . 2 y . The equations on Example 2 are phase-equivalent but they are not path-equivalent.
RESULTS
Our main results are Theorems 2 and 3 given below; we give normal Ž . forms for the germs at impasse points of generic pairs f, H .
Ž . In the case of phase equivalence, the normal forms are f , ѨrѨ z , 0 ,
Ž .
The following proposition gives a description of the geometry of the Ž . pairs f, H in a neighborhood of a k-regular impasse point. Here the sets S l , defined below, play an important role
Ž . 
Ž . c E¨ery impasse point is regular and the set of l-regular impasse points is S
Ž . The next theorem guarantees that the pairs f, H satisfying that all of its impasse points are regular are generic. This is true if we take the Ž . domain of the pairs f, H to be any paracompact manifold M. The concept of a regular impasse point can be defined in a manifold in the usual way because it is independent of the coordinate system. In general, phase-equivalence does not imply path-equivalence, but in the case of regular impasse points these two properties are almost the same, except that one has to consider the directions in which the solutions of the equations run through its phase curves. More precisely we have the next theorem Ž .
THEOREM 3. Let z be a k-regular impasse point of f, H .

If k is odd, then
and if k is e¨en, then
PROOFS
Before starting, we will define m operators which will be useful to Ž . characterize the k-regular impasse points of a pair f, H . This characterization will be stated on Lemma 4. DEFINITION 6. For each k F m, let S be the operator
where D i f denotes the ith derivative of f in the direction of H, i.e.,
Remark. The operators S are independent of the coordinate system in k the sense that for any diffeomorphism ,
k k so these operators are well defined if instead of ‫ޒ‬ m we take any manifold. 
Ž . LEMMA 4. z is a k-regular impasse point of f, H if and only if the following three conditions hold:
S f, H z s0 Ž .Ž . k D k f z / 0 4 . 1 Ž . Ž .
H S f, H is a submersion at z.
Ž . k
To prove Lemma 4, we will use the two following lemmas. m Ž . LEMMA 5. Let f, g, and ␣ be real functions on ‫ޒ‬ , with ␣ 0 / 0, and 
where each B is an homogenous polynomial and B , . . . , ' .
Ž . Using this identity and the fact that 0 / 0 one gets the first part of the statement. Ž . One also gets that S f, ѨrѨx has the form
where M is the triangular matrix
Ž . Differentiating at zero and using that S g, ѨrѨ x 0 s 0 we get Ž . Ž . Ž .
where P and P are polynomials of degree not greater than k y 2. 
Ä 4 0 / 0, so the r-versality of f is equivalent to the fact that P 1 i generates the space of polynomials of degree not greater than k y 2, which means that the matrix
must have rank k y 1. Ž . This means that S f, ѨrѨx is a submersion at 0 because is of order We have that, for k F m the set of functions such that j m f is transversal to C is V , and for k s m q 1 it is contained in V , so V is dense.
Proof of Theorem 2. Openness. We claim that ⌳ is a finite intersection 
